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Abstract
We consider coverings of the Boolean n-cube Bn = {0; 1}n by families of its subsets of
the special form which are called centered antichains. Each such subset consists of pairwise
incomparable strings which have at least one common unit component; the collection of centered
antichains also includes the one-element set containing the only string 0˜
n
consisting entirely of
zeros. It is established that for each n¿1 the minimum number of centered antichains, the union
of which covers the n-cube, equals nlog2 n+2(n−2log2 n)+2. For each n, a minimal covering
is constructed in an explicit form. ? 2001 Published by Elsevier Science B.V.
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We shall consider the Boolean n-cube Bn = {0; 1}n as a partially ordered set with
the usual partial ordering relation: the strings ˜ = (1; : : : ; n) and ˜ = (1; : : : ; n) of
Bn are connected by the relation ˜6˜, if for each i, 16i6n, the inequality i6i
holds (it is supposed that 0¡ 1). The strings ˜ and ˜ are called incomparable if none
of the relations ˜6˜ and ˜6˜ holds. An antichain in the n-cube Bn is de:ned as
a nonempty subset consisting of pairwise incomparable strings. It is known that the
minimum number of antichains, the union of which is the whole n-cube, equals n+1,
moreover, the minimal covering is unique and consists of n+ 1 layers each of which
is formed by strings containing the same number of ones (the necessary information
on the theory of Boolean functions and geometry of the Boolean cube can be found
in [1]).
A set of strings of the n-cube Bn is called centered if all the strings it contains have
at least one common unit component or if this set consists of the single string 0˜
n
. Every
common unit component of all strings of some centered set is called a center of this
 Translated from Discrete Analysis and Operations Research (Novosibirsk) 4, no. 3 (1997) 9–17.
1 The investigation was supported by Russian Foundation for Basic Research (project code 96-01-01068)
and A.M. Liapunov French–Russian Institute for informatics and applied mathematics of M.V. Lomonosov
Moscow State University.
E-mail address: omkas@nw.math.msu.su (O.M. Kasim-Zade).
0166-218X/01/$ - see front matter ? 2001 Published by Elsevier Science B.V.
PII: S0166 -218X(00)00367 -X
148 O.M. Kasim-Zade /Discrete Applied Mathematics 114 (2001) 147–153
set (it is assumed that center of the one-element set {0˜n} is unde:ned). It is not hard
to show that the least number of centered sets, where union covers the Boolean n-cube,
equals n+1; moreover, the minimal covering is unique. It consists of the one-element
set {0˜n} and n intervals of dimension n − 1, passing through the string 1˜n consisting
entirely of ones.
In the paper we consider coverings of the Boolean n-cube by centered antichains.
This problem arose in the paper [4] while studying the rank of implicit representa-
tions of Boolean functions over closed classes of monotone functions satisfying the
condition 〈A∞〉, when it was necessary to estimate the minimum number of centered
antichains which cover the Boolean cube of given dimension. In [4] an upper bound
for this quantity is given together with a construction of an appropriate covering, and it
is noted that the obtained bound is exact and the constructed covering is minimal. The
present paper is devoted to the proof of this fact. To make the presentation complete,
we have included the description of the covering constructed in [4]. The main result is:
Theorem 1. For each n¿1, the minimum number of centered antichains whose union
covers the Boolean n-cube equals
nlog2 n+ 2(n− 2log2 n) + 2: (1)
Proof. consists of two parts. First, we establish the upper bound given by (1), then
the equal lower one.
The upper bound will be proved by direct construction of an appropriate covering.
For each integer a¿0, we denote by Pa the set of all pairs of integers of the form
(2x; 2a−x−1), where x=0; 1; : : : ; 2a−1. For each a¿0 and each i; 16i6n, we denote
by Ca; i the set (possibly empty) of strings ˜ = (1; : : : ; n) of the n-cube Bn such that
i =1 and (w(˜1); w(˜2)) ∈ Pa, where ˜1 = (1; : : : ; i−1), ˜2 = (i+1; : : : ; n), and w(˜)
denotes weight of a string ˜, i.e., the number of unit components in this string.
Let us show that for any a and i the set Ca; i (if it is nonempty) is a centered antichain
with the center i. For that it suJces to prove that any two distinct strings ˜=(1; : : : ; n)
and ˜=(1; : : : ; n) of Ca; i are incomparable (without loss of generality, we can assume
that the set Ca; i contains at least two elements). We set ˜1 = (1; : : : ; i−1); ˜2 =
(i+1; : : : ; n); ˜1 =(1; : : : ; i−1), and ˜2 =(i+1; : : : ; n). Then (w(˜1); w(˜2)) ∈ Pa and
(w(˜1); w(˜2)) ∈ Pa. If w(˜1) = w(˜1) or w(˜2) = w(˜2), then the strings ˜ and ˜ are
incomparable since their corresponding substrings are incomparable. Otherwise, up to
interchanging of strings, we have w(˜1)¿w(˜1), whence w(˜2)¡w(˜2), and again ˜
and ˜ are incomparable.
Set b= log2 n, let us show that for any n¿1 the following relation holds:
{0˜n} ∪
b⋃
a=0
n⋃
i=1
Ca; i = Bn: (2)
To this end, it suJces to prove that every nonzero string ˜=(1; : : : ; n) of Bn belongs
to one of the sets Ca; i for some a6b. Let k=w(˜) denote weight of the string ˜. Then
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there is a unique integer a which satis:es the inequality 2a6k62a+1− 1. It is evident
that a6b. Take x= k − 2a. It is clear that 06x62a − 1. Let us count oK 2x+1 ones
in the string ˜, going from left to right and skipping zeros, and denote by i the index
of the component of (2x+1)th one in the string ˜. Let us show that ˜ ∈ Ca; i. Indeed,
by construction the substring ˜1 = (1; : : : ; i−1) has the weight w(˜1)=2x, whence for
the substring ˜2 = (i+1; : : : ; n) we get w(˜2) = k − 2x− 1= 2a − x− 1. Consequently,
(w(˜1); w(˜2)) ∈ Pa.
Relation (2) describes the covering of the n-cube Bn by the sets {0˜n} and Ca; i,
where 06a6b and 16i6n. Let us estimate the number of nonempty sets Ca; i in this
covering. Note that in the case a= b, the set Cb; i is non-empty only if there exists at
least one integer x; 06x62b−1, such that 2x6i−1 and 2b−x−16n− i. It is evident
that this is possible only in the case when i satis:es the condition i62(n − 2b) + 1.
Therefore if i¿ 2(n − 2b) + 1, then the set Cb; i is necessarily empty. This implies
that the number of nonempty sets Ca; i in covering (2) does not exceed the value
nb+ 2(n− 2b) + 1. Removing empty sets from covering (2), we obtain a covering of
the n-cube by centered antichains number of which does not exceed value (1). The
upper bound (1) is proved.
The constructed above covering of the Boolean cube by centered antichains was
described in [4]. One can show that this covering is a partition, that is, the antichains
it contains are pairwise disjoint. This fact is not used in what follows and we leave
its proof to the reader.
The lower bound. By Dn, we denote the truncated n-cube which contains all strings
of the n-cube Bn except two: the string 0˜
n
and the string 1˜
n
. The minimum number
of centered antichains, the union of which covers the truncated n-cube, is denoted by
m(n). Since each string 0˜
n
and 1˜
n
is comparable with any string of Bn, any covering of
the n-cube by antichains must contain the two one-element antichains {0˜n} and {1˜n}.
This implies that the minimum number of centered antichains covering the n-cube Bn
equals m(n) + 2. Thus, for the proof of the desired lower bound it suJces to show
that for any n¿1 the following inequality holds:
m(n)¿nlog2 n+ 2(n− 2log2 n): (3)
In the proof of inequality (3), we shall use the upper bound
m(n)6nlog2 n+ 2(n− 2log2 n) (4)
which follows from upper bound (1). Taking into account the fact that for n=1 bound
(3) is trivial, we suppose that n¿2.
Consider an arbitrary covering of the truncated n-cube by centered antichains. Let
us :x an arbitrary center in each of them and for each i; 16i6n, denote by pi the
number of antichains with the center i which occur in this covering. The string of
integers (p1; : : : ; pn) is called the distribution corresponding to the covering for the
given choice of centers. If this covering is minimal (i.e. consists of m(n) centered
antichains), then for any choice of centers the corresponding distribution is called a
minimal distribution.
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On the set of all integer strings with n components, we introduce two relations:
the partial ordering relation a˜6b˜, which is valid for the strings a˜ = (a1; : : : ; an) and
b˜= (b1; : : : ; bn) if and only if for each i; 16i6n, the inequality ai6bi holds, and the
equivalence relation, which holds for the strings a˜ and b˜ if and only if the string a˜
can be obtained from the string b˜ by transposition of components (and vice versa); for
example, the strings (3; 3; 2); (3; 2; 3), and (2; 3; 3) are equivalent.
The key part in the proof of bound (3) is the following statement which is of interest
itself:
Theorem 2. For each n¿2 any minimal distribution is equivalent to the string
(a+ 1; : : : ; a+ 1︸ ︷︷ ︸
r(n) times
; a; : : : ; a︸ ︷︷ ︸)
n−r(n) times
; (5)
where a= log2 n and r(n) = 2(n− 2log2 n).
Bound (3) can be derived from Theorem 2 in an obvious way, because the number of
antichains in a covering with the distribution (p1; : : : ; pn) equals p1 + · · ·+ pn. Thus,
to complete the proof of Theorem 1 it remains only to prove Theorem 2.
Proof of Theorem 2. is by induction on n.
Basis of induction: n = 2. It is evident that the unique covering of the truncated
2-cube D2 = {(0; 1); (1; 0)} by centered antichains consists of the two one-element
antichains {(0; 1)} and {(1; 0)}. The corresponding distribution is (1; 1), as required.
Induction step: from n− 1 to n, where n¿3. We set b= log2 (n− 1). According
to the inductive hypothesis any minimal distribution for the truncated (n − 1)-cube is
equivalent to the string
(b+ 1; : : : ; b+ 1︸ ︷︷ ︸
s times
; b; : : : ; b︸ ︷︷ ︸)
n−1−s times
; (6)
where s= 2(n− 2b). This implies
m(n− 1) = (n− 1)b+ s: (7)
On the other hand, since 2b + 16n62b+1, the value log2 n equals b if n62b+1 − 1
and equals b+1 if n=2b+1. It is easy to verify that in both cases distribution (5) can
be written as
(b+ 1; : : : ; b+ 1︸ ︷︷ ︸
s+2 times
; b; : : : ; b︸ ︷︷ ︸)
n−s−2 times
(8)
(it is not diJcult to see that s6n− 2). One can also easily verify that in both cases
the following equality holds:
nlog2 n+ 2(n− 2log2 n) = nb+ s+ 2;
which by virtue of (4) implies
m(n)6nb+ s+ 2: (9)
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Consider an arbitrary minimal covering F of the truncated n-cube by centered an-
tichains. We denote by A1; : : : ; Am(n) the antichains it contains. Let us :x arbitrary
centers of these antichains and denote the corresponding distribution by (p1; : : : ; pn).
For each k; 16k6m(n), and each i; 16i6n, we subject the antichain Ak to the
following transformation: we remove from the antichain Ak all strings in which the ith
component is equal to one, and remove this component from the remaining strings (i.e.
from those ones in which the ith component is equal to zero). We denote the obtained
set of strings belonging to the (n− 1)-cube Bn−1 by Aik .
Note that for each i among the sets Ai1; : : : ; A
i
m(n) there are at least pi empty ones,
namely, those sets Aik for which the antichains Ak have the center i. It is easy to verify
that each nonempty set Aik is a centered antichain and for any i the sets A
i
1; : : : ; A
i
m(n)
form a covering of the (n− 1)-cube Bn−1 with deleted zero string, i.e.,
Ai1 ∪ · · · ∪ Aim(n) = Bn−1\{0˜
n−1}:
Among the sets Ai1; : : : ; A
i
m(n) there is at least one one-element set which coincides with
the antichain {1˜n−1}. From the family Ai1; : : : ; Aim(n), we remove all the empty sets and
all sets which coincide with the one-element antichain {1˜n−1}. We call the obtained
family of sets an i-reduct of the covering F and denote it by Fi.
It is evident that the i-reduct of the covering F is a covering of the truncated
(n − 1)-cube Dn−1 by centered antichains. Taking in the antichains of the i-reduct,
the same centers as in the original antichains of the covering F (and preserving the
former sequence order of components in the strings of Dn−1), we denote the distribution
corresponding to the i-reduct by (qi1; : : : ; q
i
n−1). From the construction of i-reducts, it
follows that for each i the following relations hold:
|Fi|6m(n)− pi − 1 (10)
and
(qi1; : : : ; q
i
n−1)6(p1; : : : ; pi−1; pi+1; : : : ; pn): (11)
Since any i-reduct is a covering of the truncated (n−1)-cube, we have |Fi|¿m(n−1).
This and (10) imply that for each i the inequality m(n − 1)6m(n) − pi − 1 holds.
Hence,
pi6m(n)− m(n− 1)− 1: (12)
The last inequality together with (7) and (9) implies that for each i, the inequality
pi6b+ 1 holds and therefore
(p1; : : : ; pn)6(b+ 1; : : : ; b+ 1): (13)
Let us prove that
(p1; : : : ; pn)¿(b; : : : ; b): (14)
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We denote by I the set of those values i for which the i-reduct Fi is not a minimal
covering of the truncated (n − 1)-cube Dn−1. It is evident that for each i ∈ I the
inequality
|Fi|¿m(n− 1) + 1
holds. This implies
|F1|+ · · ·+ |Fn|¿nm(n− 1) + |I |:
On the other hand, by (10) we have
|F1|+ · · ·+ |Fn|6nm(n)− (p1 + · · ·+ pn)− n= (n− 1)m(n)− n;
since p1 + · · · + pn = m(n) because of minimality of the original covering F . Thus,
we arrive at the inequality
nm(n− 1) + |I |6(n− 1)m(n)− n:
Consequently,
|I |6(n− 1)m(n)− n− nm(n− 1):
Now (7) and (9) imply that (n − 1)m(n) − n − nm(n − 1)6n − s − 2. This yields
|I |6n − 2. Therefore, there exist at least two distinct values i1 and i2 such that the
i1-reduct Fi1 and the i2-reduct Fi2 are minimal coverings of the truncated (n− 1)-cube
Dn−1. By the inductive hypothesis, the distributions corresponding to these reducts,
(qi11 ; : : : ; q
i1
n−1) and (q
i2
1 ; : : : ; q
i2
n−1), are equivalent to the string (6). On the other hand,
by (11) the following inequalities hold:
(qi11 ; : : : ; q
i1
n−1)6(p1; : : : ; pi1−1; pi1+1; : : : ; pn)
and
(qi21 ; : : : ; q
i2
n−1)6(p1; : : : ; pi2−1; pi2+1; : : : ; pn):
Since i1 = i2, each component pi of the distribution (p1; : : : ; pn) occurs on the
right-hand side of one of these inequalities, and the form of distribution (6) implies
that each component of the left-hand sides of these inequalities is not less than b.
Therefore, for each i the inequality pi¿b holds. But it means that inequality (14) is
valid.
Since the distribution (p1; : : : ; pn) is integer, relations (13) and (14) imply that this
distribution is equivalent to the string
(b+ 1; : : : ; b+ 1︸ ︷︷ ︸
x times
; b; : : : ; b︸ ︷︷ ︸
n−x times
) (15)
for some x; 06x6n. It remains to :nd x.
Note that by minimality of the original covering F , the equality
m(n) = nb+ x (16)
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must hold, whence taking account of (9) we have x6s+2. We shall show that x¿s+2.
Let us use inequality (12). Together with (16) and (7), it implies that for each i the
relation pi6b+ x − s− 1 holds, that is,
x¿pi − b+ s+ 1: (17)
Because, by (14), each pi¿b, this immediately implies x¿s+1. Therefore x¿1, and
hence there exists at least one value i such that pi = b + 1. Then for this value i,
inequality (17) can be written as x¿s+2. Hence, x= s+2 and thus string (15) is of
the desired form (8).
The induction step is justi:ed. Theorem 2 is proved.
Theorem 2 deserves a separate comment. The minimal covering of the Boolean cube
by centered antichains constructed in the paper is clearly the only possible. There ex-
ist other minimal coverings, including those rather diKerent from the constructed one.
Centers in antichains of minimal coverings are not uniquely de:ned either. Neverthe-
less, as Theorem 2 shows, for the truncated cube of any :xed dimension the minimal
distribution is unique up to equivalence.
Theorem 2 also implies that for each n¿1 the following equality holds:
m(n) = nlog2 n+ 2(n− 2log2 n):
The derived expression coincides with the well-known function which occurs in the
coding theory [5] and the complexity theory [2,3,6]. Theorem 2, in fact, states that any
minimal distribution for the truncated n-cube is a uniform partition of the number m(n)
into n parts (we mean the partition of an integer into a given number of summands
diKering from each other as little as possible). The fact that similar partitions are of
importance in other problems where the function expressing m(n) occurs, is what guided
me in proving the lower bound of Theorem 1 and helped to formulate Theorem 2.
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